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LOCAL POSITIVITY AND EFFECTIVE DIOPHANTINE
APPROXIMATION
MATTHIAS NICKEL
Abstract. In this paper we present a new approach to prove effective results
in Diophantine approximation. We then use it to prove an effective theorem
on the simultaneous approximation of two algebraic numbers satisfying an
algebraic equation with complex coefficients.
1. Introduction
Positivity concepts for divisors play a crucial role in algebraic geometry. Among
these concepts is ampleness, which can also be interpreted intersection theoret-
ically via the Nakai–Moishezon–Kleiman criterion. A weaker form of positivity
is bigness : a divisor D is big iff the growth of the dimension of global sections
of its multiples is maximal. The rate of this growth is then measured by the
volume of the divisor [Laz04, Section 2.1] and for ample divisors this is sim-
ply the top self-intersection by the asymptotic Riemann–Roch theorem [Laz04,
Theorem 1.1.24]. In [Dem92] Demailly introduces a measure of local positivity of
a divisor at a point, the Seshadri constant, in order to study the Fujita conjecture.
The connection between Diophantine approximation and positivity concepts is
central to many results on Diophantine geometry. It is a key element in Vojta’s
proof of Mordell’s conjecture [Voj91] and in Faltings’s proof of the Mordell–Lang
conjecture [Fal91]. In [FW94] it has been shown that the constants showing up in
Diophantine approximations can be obtained as the expectation of certain ran-
dom variables coming from filtrations on the graded ring of sections of a divisor.
Later [Fer00, EF02, CZ04, EF08] showed that these constants can be obtained via
different geometric invariants. In [MR15] Diophantine approximation constants
are shown to be related to volumes of divisors. In [RV16], [RW17] and [HL17]
this result is extended to the more general case where not only points but closed
subschemes are approximated.
Most results on Diophantine approximation rely on the construction of an aux-
iliary polynomial having a certain order of vanishing at given points. In this
paper we present a new approach that follows Faltings’s proof of the Mordell–
Lang conjecture [Fal91] using information on local positivity at these points to
study the vector spaces of suitable auxiliary polynomials.
One of the most important results in Diophantine approximation is Roth’s
theorem on the approximation of algebraic numbers by rationals [Rot55]. It
states that for a given algebraic number α and a given ε > 0 there are only
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finitely many rational numbers p/q ∈ Q such that∣∣∣∣α− pq
∣∣∣∣ ≤ q−(2+ε) . (1)
The proof of this theorem consists of two steps:
1. First an auxiliary polynomial P ∈ Z[X1, . . . , Xn] having a certain order
of vanishing at (α, . . . , α) is constructed, which is then shown to vanish
to a suitable order at (p1/q1, . . . , pn/qn) where pi/qi are solutions to 1.
2. Next, one shows that there exists an upper bound for the order of P at the
point (p1/q1, . . . , pn/qn) obtaining a contradiction. This upper bound may
be either of geometric (Dyson’s lemma [Dys47] or rather its generalization
by Esnault and Viehweg [EV84]) or of arithmetic nature (Roth’s lemma
[Rot55] and Faltings’s product theorem [Fal91]).
There are also many results on the simultaneous approximation of algebraic
numbers by rationals. The generalization of Roth’s theorem in this context is due
to Schmidt [Sch70, Corollary to Theorem 1]. Suppose that α1, . . . , αr are algebraic
numbers such that 1, α1, . . . , αr are linearly independent over Q. Then for every
ε > 0 there exist only finitely many r-tuples of rational numbers (p1/q, . . . , pr/q)
such that ∣∣∣∣αi − piq
∣∣∣∣ ≤ q−(1+1/r+ε) (2)
holds for all 1 ≤ i ≤ r.
Note that the theorems of Roth and Schmidt are not effective in that there is
no bound for q satisfying 1 and 2 respectively. The earliest effective result in the
approximation of a single algebraic number is the theorem of Liouville [Lio51],
which is similar to Roth’s theorem with exponent the degree d of the algebraic
number in question instead of 2 + ε. Fel’dman [Fel71] obtained an improvement
of Liouville’s theorem, in which the exponent is strictly smaller than d, however,
the difference is extremely small. For improvements and a different approach
see [BG96, Bug98, Bom93]. In the case of simultaneous approximation there are
effective results where the tuple of algebraic numbers is given by rational powers
of rational numbers [Bak67, Osg70, Ric, Ben95].
Here we discuss a different strategy linking methods from positivity and Dio-
phantine approximation that follows Faltings’s proof of the Mordell–Lang conjec-
ture [Fal91]. We consider homogeneous polynomials in two variables having large
index at the point (α1, α2) and a priori small index at (p1/q, p2/q) where pi/q is
a suitably good rational approximation of αi for i = 1, 2.
Using Faltings’s Siegel lemma we can then ensure that we can find such a poly-
nomial with suitably bounded coefficients in Z. Finally we give a bound for q
involving the index of P at (α1, α2) and (p1/q, p2/q).
The novelty of this approach is that it avoids providing a zero estimate: we only
need to suitably bound the dimension of the space of polynomials with given de-
gree and given index at (α1, α2), all of its conjugates and (p1/q, p2/q). Therefore
we only need a partial understanding of the volume function on blowups of P2.
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The fact that we only consider one solution (p1/q, p2/q) will finally make our
theorem effective.
We obtain the following theorem.
Theorem 1. Let α1, α2 be algebraic numbers and let d := [Q(α1, α2) : Q]. Sup-
pose that (α1, α2) and all of its conjugates lie on an irreducible curve of degree
m defined over C. Then there exists for all δ ∈ Q with δ > max{m, d/m} an
effectively computable constant C0(α1, α2, δ,m) depending only on (α1, α2), m and
δ such that for all pairs of rational numbers (p1/q, p2/q) satisfying∣∣∣∣αi − piq
∣∣∣∣ ≤ q−δ for i=1,2 (3)
we have q ≤ C0(α1, α2, δ,m).
Note that the strength of the theorem lies in the fact that the irreducible curve
may be defined over C and not only Q.
We state a suitable choice for C0(α1, α2, δ,m) in Corollary 18.
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1.2. Notation. In the remainder of this article we will denote by α1 and α2
algebraic numbers and let d := [Q(α1, α2) : Q)].
2. Seshadri constants and Zariski-decomposition on Blow-ups of P2
In this section we will be only concerned with varieties over C.
We begin by discussing Seshadri constants. These constants measuring local
positivity of divisors were first defined by Demailly in [Dem92] and their name is
due to the Seshadri criterion for ampleness [Ses72, Remark 7.1].
Definition 2. Let X be a smooth projective surface, let M be a nef divisor on X
and let x, x1, x2, . . . , xn be points in X. Then the Seshadri constant of M at x is
defined as
ε(X,M ; x) := sup{t ≥ 0 | π∗xM − tE is nef on X ′}
where πx : X
′ → X is the blowup of X at x and E its exceptional divisor.
Furthermore the multi-point Seshadri constant of M at x1, . . . , xn is defined as
ε(X,M ; x1, . . . , xn) := sup{t ≥ 0 | π∗x1,...,xnM − t(E1 + · · ·+ En) is nef on X ′′}
where πx1,...,xn : X
′′ → X is the blowup of X at the points x1, . . . , xn with excep-
tional divisors E1, . . . , En.
The following lemma is well known. We provide a proof for the convenience of
the reader.
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Lemma 3. Let X ′′ and x1, . . . , xn be as above and let M be ample. Then we have
that π∗x1,...,xnM − t(E1 + · · ·+ En) is ample for t < ε(X,M ; x1, . . . , xn).
Proof. If π∗x1,...,xnM−t(E1+· · ·+En) is not ample for some t < ε(X,M ; x1, . . . , xn),
there exists a curve C in X ′′ such that (π∗x1,...,xnM − t(E1+ · · ·+En))C = 0. First
note that (π∗x1,...,xnM − t(E1 + · · ·+En))Ei = t > 0 for i = 1, . . . , n, which shows
that C must be the strict transform of a curve on X . Now if E1 + · · ·+En does
not intersect C, we have that C is the pullback of a curve on X not containing
x1, . . . , xn and this is impossible as M is ample. Hence (E1 + · · · + En)C > 0
and therefore (π∗x1,...,xnM − t0E)C < 0 for t < t0 < ε(X,M ; x1, . . . , xn) yields a
contradiction. 
Let us recall some properties of Seshadri constants.
Lemma 4 ([Laz04, Example 5.1.4, Example 5.1.6]). Let X,X ′ and x be as above
and let M be nef. Then:
1. The Seshadri constant is homogenous:
ε(X, lM ; x) = l ε(X,M ; x)
for all l ∈ N.
2. If M is very ample then
ε(X,M ; x1, . . . , xn) ≥ 1 .
For more about Seshadri constants the reader may consult [Laz04, Chapter 5]
and [BDRH+09].
We will use the following lemma, which is a direct consequence of [B0˘1, Lemma
14.15] on the minimality of the negative part in Zariski decompositions. This
argument was also used in [KLM12, Proposition 2.1].
Lemma 5. Let D be a pseudoeffective divisor on a smooth projective surface
X and let D = P + N be its Zariski decomposition. For any decomposition
D = P ′ +N ′ with P ′ nef and N ′ effective we have N ≤ N ′.
Let us now compute the multi-point Seshadri constant of L = OP2(1) at points
that lie on an irreducible curve of degree m.
Proposition 6. Let x1, . . . , xd be distinct points lying on a curve of degree m
in P2, let L be a line in P2 such that OP2(L) = OP2(1) and consider the blow-
up S of P2 at x1, . . . , xd with exceptional divisors E1, . . . , Ed. Then for every
0 ≤ t < min{1/m,m/d} the divisor L− t(E1 + · · ·+ Ed) is ample.
Proof. As x1, . . . , xd lie on a curve of class m we obtain that the class
C := mL− (E1 + · · ·+ Ed)
is effective on Blx1,...,xdP
2. This implies that for 0 ≤ t ≤ 1/m we have
Lt := L− t(E1 + · · ·+ Ed) = (1−mt)L+ tC
is a decomposition as a sum of a nef and an effective divisor and Lemma 5 shows
that the support of the negative part of L− t(E1+ · · ·+Ed) must either be empty
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or may only contain C and Ei for i = 1, . . . , d. Using
LtEi = t
LtC = m− dt
L2t = 1− dt2
we conclude that Lt is nef for 0 ≤ t ≤ min{1/m,m/d, 1/
√
d}. Furthermore,
as 1/m ≤ m/d is equivalent to 1/m ≤ 1/√d, we conclude that the equality
min{1/m,m/d, 1/√d} = min{1/m,m/d} holds and together with Lemma 3 this
finishes the proof. 
In what follows we will need to have a lower bound for the Seshadri constant
of L− t(E1 + · · ·+Ed) for 0 ≤ t < min{1/m,m/d} at another point. In order to
do this we will employ an effective version of Matsusaka’s big theorem [Mat70,
MM64] for surfaces by Ferna´ndez del Busto [FdB96]. Note that Siu has given an
effective version of Matsusaka’s big theorem valid in higher dimensions [Siu93,
Siu02].
Theorem 7 ([FdB96]). Let A be an ample divisor on a smooth projective algebraic
surface X. Then lA is very ample for every
l >
1
2
⌊
(A(KX + 4A) + 1)
2
A2
+ 3
⌋
.
Using this we are now ready to prove the following geometric theorem, which
will be essential in the proof of the main theorem.
Theorem 8. Let x1, . . . , xd be distinct points lying on an irreducible curve of
degree m in P2, let xd+1 ∈ P2, let L be a line in P2 and consider the blow-up X of
P2 at x1, . . . , xd+1 with exceptional divisors E1, . . . , Ed+1. Let us define for Q > 0
l(θ) :=
1
2
⌈
((−3 + dθ)Q + 4Q2(1− dθ2) + 1)2
Q2(1− dθ2) + 3
⌉
.
Then for all θ ∈ Q with denominator bounded by Q satisfying θ < min{1/m,m/d}
and for every 0 ≤ µ ≤ 1
Ql(θ)
we have that
volX(L− θ(E1 + · · ·+ Ed))− volX(L− θ(E1 + · · ·+ Ed)− µEd+1) = µ2 .
Proof. By Proposition 6 above we know thatM := (L−θ(E1+· · ·+Ed)) is ample.
Note that l(θ) = 1
2
⌈
(QM(KX+4QM)+1)
2
(QM)2
+ 3
⌉
. By Theorem 7 and because QM is an
integral ample divisor, we now know that the divisor l(θ)QM is very ample and
therefore ε(Blx1,...,xd(P
2),M ; xd+1) ≥ 1Ql(θ) by the properties of Seshadri constants
in Lemma 4. Therefore L− θ(E1+ · · ·+Ed)−µEd+1 is nef for 0 ≤ µ ≤ 1Ql(θ) and
the statement of the theorem follows by the asymptotic Riemann–Roch theorem
[Laz04, Corollary 1.4.41]. 
3. Bounding the denominator of a good approximation
In this section we will bound the denominator q of a good approximation
(p1/q, p2/q) of (α1, α2) using a polynomial P ∈ Z[X1, X2] with suitably bounded
coefficients and suitable index at (α1, α2) and (p1/q, p2/q). This chapter closely
follows [HS00, §D.5]. For the convenience of the reader we give proofs as we need
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slightly different statements than those in [HS00].
Definition 9. Let
P =
∑
j∈N20
aj1,j2X1
j1X2
j2
be a polynomial with coefficients in C.
1. For a multi-index j ∈ N20 we define a differential operator ∂j via
∂jP :=
1
j1! j2!
∂j1+j2
∂Xj11 ∂X
j2
2
P.
2. The index of P at x = (x1, x2) with respect to the weights (r1, r2) ∈ N2 is
the nonnegative real number
ind(x1,x2;r1,r2)(P ) := min{j1/r1 + j2/r2 | j ∈ N20, ∂jP (x) 6= 0}.
3. If P ∈ Z[X1, X2], the naive height of P is defined as
|P |:= max{|aj | | j ∈ N20} .
Let us summarize some properties of the index and the differential operators
∂j for later use.
Lemma 10 ([HS00, Lemma D.3.1, Lemma D.3.2]). Let P ∈ C[X1, X2] be a
polynomial such that its degree is bounded by k. Then:
1. ind(x1,x2;r1,r2)(∂jP ) ≥ ind(x1,x2;r1,r2)(P )− j1/r1 − j2/r2,
2. if P ∈ Z[X1, X2], then ∂jP ∈ Z[X1, X2] for all j ∈ N20,
3. |∂jP |≤ 4k|P |.
From now on we will make the assumption r1 = r2 = k. In particular we have
that ind(α1,α2;k,k)(P ) = ord(α1,α2)(P )/k.
In the following two lemmas we will provide a bound on the denominator and
absolute value of derivatives of a polynomial P ∈ Z[X1, X2] at (p1/q, p2/q).
Lemma 11. Let P ∈ Z[X1, X2] be a polynomial of degree less or equal k and let
j ∈ N20 be a multi-index. Assume that ∂jP (p1/q, p2/q) = s/m where s ∈ Z, m ∈ N
and s,m are coprime. Then
m ≤ qk .
Proof. Using Lemma 10 we obtain that the the coefficients of ∂jP are in Z.
Therefore ∂jP (p1/q, p2/q) is a sum of terms whose denominators are divisors of
qk giving us the desired bound. 
Lemma 12. Let P ∈ Z[X1, X2] of degree less or equal k with k ≥ 6 and let
j ∈ N20 be a multi-index. Let θ be the index of P at (α1, α2) with respect to (k, k),
let 0 < θ0 < θ, let δ > 0 and let N ∈ N.
Then it holds that for (p1/q, p2/q) ∈ Q satisfying∣∣∣∣αi − piq
∣∣∣∣ ≤ Nq−δ for i = 1, 2 (4)
and for every j = (j1, j2) ∈ N20 such that j1+j2k ≤ θ0 we have
|∂jP (p1/q, p2/q)| ≤ 64k |P | (max{|α1| , |α2|})kN2kq−kδ(θ−θ0).
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Proof. First note that for all i ∈ N20 we have that ∂i∂jP (α1, α2) is a sum of at
most 1/2 (k + 1)(k + 2) ≤ 2k terms because k ≥ 6. These terms are themselves
bounded by
|∂i∂jP | (max{|α1| , |α2|})k ≤ 16k|P |(max{|α1| , |α2|})k
where we have used Lemma 10 two times. We may now expand ∂jP around
(α1, α2) and use that Lemma 10 implies ind(α1,α2;k,k)(∂jP ) ≥ θ − θ0 to obtain
∂jP (p1/q, p2/q) =
∑
1≤i1,i2≤k
(i1+i2)/k≥θ−θ0
(∂i∂jP )(α1, α2)(p1/q − α1)i1(p2/q − α2)i2
and by assumption 4, the fact that the number of terms above is bounded by
(k + 1)2 ≤ 2k and the bounds above we have
|∂jP (p1/q, p2/q)| ≤ 64k|P |(max{|α1| , |α2|})kN2kq−kδ(θ−θ0) .

Using the results above we obtain a bound for the denominator of a good
approximation as follows.
Lemma 13. Let k ≥ 6 be a positive integer. Suppose that (p1/q, p2/q) ∈ Q2 is
a solution of inequality 4 for given δ > 1/(θ − θ0), N ∈ N and let 0 < θ0 < θ be
given. Now assume that P ∈ Z[X1, X2] satisfies the following properties:
1. the degree of P is at most k,
2. the index of P at (α1, α2) with respect to the weights (k, k) satisfies
ind(α1,α2;k,k)(P ) ≥ θ,
3. |P |≤ Bk, where B depends only on (α1, α2), k and δ.
Let
C(α1, α2, δ, N) :=
(
64Bmax{|α1| , |α2|}N2
) 1
δ(θ−θ0)−1 .
Then it holds that if
ind(p1/q,p2/q;k,k)(P ) < θ0 ,
we have q ≤ C(α1, α2, δ, N).
Proof. Assume ind(p1/q,p2/q;k,k)(P ) < θ0 and let j ∈ N20 with j1+j2k < θ0 be such
that ∂jP (p1/q, p2/q) 6= 0. Now Lemma 12 and the bound on |P | give us that
|∂jP (p1/q, p2/q)|≤ (64Bmax{|α1| , |α2|})kN2kq−kδ(θ−θ0) .
We use the principle that there is no integer strictly between 0 and 1 to obtain
1/m ≤ (64Bmax{|α1| , |α2|})kN2kq−kδ(θ−θ0)
where ∂jP (p1/q, p2/q) = s/m with s ∈ Z, m ∈ N and s and m coprime.
Finally lemma 11 gives
q−k ≤ (64Bmax{|α1| , |α2|})kN2kq−kδ(θ−θ0)
and after taking k-th roots and simplifying we obtain
qδ(θ−θ0)−1 ≤ 64Bmax{|α1| , |α2|}N2 .
The statement of the theorem now holds for
C(α1, α2, δ, N) :=
(
64Bmax{|α1| , |α2|}N2
) 1
δ(θ−θ0)−1 .
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
4. Finding a suitable global section
For this section we will fix an embedding A2 →֒ P2 and a line L ⊂ P2 such that
the global sections of OP2(kL) restricted to A2 are the polynomials of degree less
or equal k, and view (α1, α2), all of its conjugates and (p1/q, p2/q) as elements of
P2 via this embedding. In this chapter we will always indicate which base field
we are working over.
We now state Faltings’s version of Siegel’s lemma.
Lemma 14 ([Fal91, Proposition 2.18]). Let V,W be two finite dimensional normed
R-vector spaces and let M ⊂ V and N ⊂ W be Z-lattices of maximal rank. Let
further φ : V → W be a linear map such that φ(M) ⊂ N . Let b := dim(V ) and
a := dim(Ker(φ)) and assume that there exists a constant C ≥ 2 such that
1. M is generated by elements of norm at most C,
2. the norm of φ is bounded by C,
3. all non-trivial elements of M and N have norm at least 1/C.
For 1 ≤ i ≤ b set
λi := inf{λ > 0 | ∃ i linearly independent vectors of norm ≤ λ in Ker(φ) ∩M} .
Then it holds that
λi+1 ≤ (C3bb! )1/(a−i) .
We will need the following number theoretical lemma.
Lemma 15 ([HS00, Lemma D.3.4]). Let α ∈ Q be an algebraic integer of degree
dα := [Q(α) : Q] over Q and let mα ∈ Q[X ] be the minimal polynomial of
α over Q. Then we have αl = a
(l)
1 α
dα−1 + · · · + a(l)dα with a
(l)
i ∈ Z satisfying∣∣∣a(l)i
∣∣∣ ≤ (|mα|+1)l.
The following statements now clarify how we intend to use Faltings’s version of
Siegel’s lemma.
Lemma 16. Let k ≥ 6 be a positive integer, let Bk := H0(OP2
Q
(kL)), which we
will identify with the polynomials of degree less or equal k in Q[X1, X2], and let
Ak be the subspace of sections whose index at (α1, α2) with respect to the weights
(k, k) is at least θ. Choose an algebraic integer α which is a primitive element
for Q(α1, α2) and assume that α1 and α2 can be expressed as
αi = c
i
1α
d−1 + · · ·+ cid−1α + cid for i = 1, 2
where cih ∈ Z and let M be defined as max{|cih|| h = 1, . . . , d and i = 1, 2} (we
can always satisfy this assumption by considering Nαi instead of αi for a suitable
N ∈ N). Then there exists a linear map φk : Bk ⊗ R→ Q(α1, α2)lk ⊗ R where
lk = #{j ∈ N20 |
j1 + j2
k
< θ}
such that
1. Ker(φk) = Ak ⊗ R,
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2. φk, the lattice inside Bk ⊗ R generated by monomials and the lattice in
Q(α1, α2)
lk ⊗ R generated by αi for i = 0, . . . , d − 1 in every component
satisfy the conditions in Lemma 14 with C = Bk where B > 0 is the
following constant
B := 8dM(|mα|+1)d .
Proof. Define the linear map
φk : H
0(OP2(k))⊗ R→ Q(α1, α2)lk ⊗ R
P ⊗ 1 7→ (∂jP )(α1, α2)⊗ 1
where j ranges over all pairs of non-negative integers satisfying (j1 + j2)/k < θ.
Consider the basis of V := Bk ⊗ R which consists of monomials, the basis of
W := Q(α1, α2)
lk ⊗ R consisting of αi for i = 0, . . . , d − 1 in every component
and the lattices M and N generated by these bases.
By Lemma 10 and the assumptions on α we have that φk(M) ⊂ N . We now
identify V ∼= RdimQ Bk and W ∼= Rdlk using the above bases and equip these R-
vector spaces with the maximum norm |·|∞. It is then clear that M is generated
by elements of norm 1 and all non-trivial elements ofM and N have norm greater
or equal 1. Therefore we only need to give a bound on the norm of φk.
To achieve this, we consider a polynomial P ∈ V , note that P is a sum of at most
1/2 (k + 1)(k + 2) ≤ 2k terms and use Lemma 10 to obtain that the coefficients
of P are bounded by |∂jP |≤ 4k|P |. Then by using Lemma 16 to expand αu1αv2
into a Z-linear combination of powers of α we obtain a sum of du+v ≤ dk terms
Rαl with l ≤ (u+ v)d ≤ kd and R ≤ Mu+v ≤ Mk. By Lemma 15 we have that
αl is then a Z-linear combination of 1, α, . . . , αd−1 with coefficients bounded by
(|mα|+1)kd. Therefore it holds that
|φk(P )|∞ ≤ |P |(8dM(|mα|+1)d)k
and this implies that the statement of the lemma holds with
B := (8dM(|mα|+1)d .

Lemma 17. Keeping the notation and assumptions of the previous lemma and
letting bk := dimQBk, ak := dimQAk, ik := dimQ Uk where Uk is the linear
subspace of Ak of sections s ∈ Ak with ind(p1/q,p2/q;k,k) s ≥ θ0 we have that
lim
k→∞
bk
k2/2
= volP2
C
(L) = 1
lim
k→∞
ak
k2/2
= volXC(L− θ (E1 + · · ·+ Ed))
lim
k→∞
ik
k2/2
= volXC(L− θ (E1 + · · ·+ Ed)− θ0Ed+1)
where XC is the blowup of P
2
C in (α1, α2) and all of its conjugates with corre-
sponding exceptional divisors E1, . . . , Ed and in (p1/q, p2/q) with corresponding
exceptional divisor Ed+1.
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Proof. The first statement follows from the definition of the volume and the fact
that the dimension of cohomology does not change under base change with a field
[Liu02, Proposition 5.2.27].
Regarding the second and third statement note that θ and θ0 are real numbers
and that the volume function for real divisors is defined by extending the volume
function on Q-divisors [Laz04, Corollary 2.2.45]. However by [FKL16, Theorem
3.5] it holds that for a R-Cartier R-divisor D on a projective variety V we have
volV (D) = lim
k→∞
h0(⌊kD⌋)
kdim(V )/dim(V )!
.
For the second statement let us consider the Q-point (α1, α2) and its image
in A2Q. This is a closed point in A
2
Q and it corresponds to a maximal ideal
I(α1,α2) ⊂ Q[X1, X2]. We will denote the corresponding ideal sheaf in P2Q by
I(α1,α2). Now the set of all polynomials in Q[X1, X2] such that (∂jP )(α1, α2) = 0
for all pairs of non-negative integers satisfying (j1 + j2)/k < θ is by definition
the so called ⌈kθ⌉-th differential power of I(α1,α2) and by [DDSG+18, Theorem
2.12, Proposition 2.14] this is just I
⌈kθ⌉
(α1,α2)
as I(α1,α2) is maximal (note that this
is not true for general ideals [SS] but there are results on the difference between
symbolic and ordinary powers of ideals [ELS01, HH02]).
Now consider the sheaf OP2
Q
(kL)I⌈kθ⌉(α1,α2) whose global sections restricted to A2 are
by the above consideration exactly the elements of Q[X1, X2] of degree less or
equal k being mapped to zero by φk. Note that OP2
Q
(kL)I⌈kθ⌉(α1,α2) is isomorphic to
OP2
Q
(kL)⊗ I⌈kθ⌉(α1,α2) as OP2Q(kL) is locally free and therefore flat. The base change
morphism ρ : P2C → P2Q is flat by [Liu02, Proposition 4.3.3 (d)] and thus ρ∗I(α1,α2)
is the ideal sheaf of the preimage of (α1, α2) under ρ, which is simply the ideal
sheaf I of the union of all conjugates of (α1, α2). As above we can invoke [Liu02,
Proposition 5.2.27] to obtain H0(OP2
Q
(kL)⊗I⌈kθ⌉(α1,α2)) = H0(OP2C(kL)⊗I⌈kθ⌉) and
by [Laz04, Lemma 4.3.16] this is isomorphic to H0(OX(⌊kL−kθ (E1+ · · ·+Ed)⌋),
which finishes the proof of the second statement.
For the third statement let I(p1/q,p2/q) ⊂ Q[X1, X2] be the ideal of (p1/q, p2/q).
We will denote the corresponding ideal sheaf in P2Q by I(p1/q,p2/q). We may now
argue as above to obtain that H0(OX(⌊kL − kθ (E1 + · · · + Ed) − θ0Ed+1⌋) is
isomorphic to the global sections of the sheaf OP2
Q
(kL)I⌈kθ⌉(α1,α2)I
⌈kθ0⌉
(p1/q,p2/q)
.
As both I(p1/q,p2/q) and I(α1,α2) are maximal ideals in Q[X1, X2] we have further
that I(p1/q,p2/q) + I(α1,α2) = Q[X1, X2] and by taking both sides to the u + v-th
power we also obtain that Iu(p1/q,p2/q) + I
v
(α1,α2)
= Q[X1, X2] for all u, v ∈ N. By
the usual argument this implies that
Iu(p1/q,p2/q) ∩ Iv(α1,α2) = Iu(p1/q,p2/q)Iv(α1,α2) .
Therefore we conclude that Uk is isomorphic to the global sections of
OP2
Q
(kL)I⌈kθ⌉(α1,α2)I
⌈kθ0⌉
(p1/q,p2/q)
,
which in turn are isomorphic to H0(OX(⌊kL − kθ (E1 + · · · + Ed) − kθ0Ed+1⌋).
This concludes the proof. 
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5. Proof of the main theorem
Let us first fix some notation for this section. Let α0 be defined as α1 +M0α2
whereM0 is the smallest natural number that α1+M0α2 is a primitive element of
Q(α1, α2) (such a M0 always exists by the proof of the primitive element theorem
[Lan02, Theorem V.4.6]). Let α be defined as M1α0 where M1 is the smallest
natural number such thatM1α0 is an algebraic integer. Now let N be the smallest
natural number such that Nα1 and Nα2 can be expressed as
Nαi = c
i
1α
d−1 + · · ·+ cid−1α + cid for i = 1, 2
where cih ∈ Z and let M be defined as max{|cih|| h = 1, . . . , d and i = 1, 2}. Let
Q be defined as the denominator of
θ :=
1/δ +min{1/m,m/d}
2
and let
θ0 := min
{
min{1/m,m/d} − 1/δ
4
,
1
Ql(θ)
}
where
l(θ) :=
1
2
⌈
((−3 + dθ)Q + 4Q2(1− dθ2) + 1)2
Q2(1− dθ2) + 3
⌉
.
We are now ready to conclude the proof of the main theorem.
Proof of the main theorem. Let us consider the asymptotics obtained in the Lemma
17 above and use Faltings’s version of Siegel’s lemma. In order to use Lemma 16
we replace αi by Nαi. After this replacement we have that∣∣∣∣Nαi − Npiq
∣∣∣∣ ≤ Nq−δ for i = 1, 2 .
We have by Lemma 16 that Bk satisfies the assumptions on C in Lemma 14
and therefore
λik+1 ≤ ((8dM(|mα|+1)d)3kbkbk! )1/(ak−ik) ≤ ((8dM(|mα|+1)d)3kbk)bk/(ak−ik) .
(5)
By the choice of θ and θ0, Lemma 17 and Theorem 8 the exponent on the right
hand side of 5 satisfies
lim
k→∞
bk
(ak − ik)
=
volP2(L)
volX(L− θ(E1 + · · ·+ Ed))− volX(L− θ(E1 + · · ·+ Ed)− θ0Ed+1)
= 1/θ20 .
Now Lemma 14 shows the existence of ik + 1 linearly independent elements of
Ak such that their norm is bounded by
((8dM(|mα|+1)d)3kbk)bk/(ak−ik) ≤ (210(dM(|mα|+1)d)3)kbk/(ak−ik)
where we have used that bk = 1/2 (k + 1)(k + 2) ≤ 2k. In particular, for k ≫ 0
at least one of those elements P is not an element of Uk. Noting that
δ(θ − θ0) ≥ 1/4 δmin{1/m,m/d}+ 3/4 > 1 ,
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we conclude that P satisfies all of the conditions for Lemma 13 and we obtain
that
q ≤ (64(210(dM(|mα|+1)d)3)bk/(ak−ik)max{|α1| , |α2|}N3) 1δ(θ−θ0)−1 .
Finally we take the limit for k →∞ and obtain
q ≤
(
64(210(dM(|mα|+1)d)3)1/θ20 max{|α1| , |α2|}N3
) 1
δ(θ−θ0)−1 ,
which finishes the proof. 
The proof of Theorem 1 immediately yields the following corollary concerning
a possible value of C0(α1, α2, δ,m).
Corollary 18. In Theorem 1 we can take
C0(α1, α2, δ) :=
(
64(210(dM(|mα|+1)d)3)1/θ20 max{|α1| , |α2|}N3
) 1
δ(θ−θ0)−1 .
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